For certain values of semi-major axis and eccentricity, orbit plane precession caused by Earth oblate is synchronous with the mean orbital motion of the apparent Sun (a sun-synchronism). Many forces cause slow changes in the inclination and ascending node of sun-synchronous orbits. In this work, we investigate the analytical perturbations due to the direct solar radiation pressure and gravitational waves effects. A full analytical solution is obtained using technique of canonical Lie-transformation up to the order three in 2 J (the oblateness of the Earth). The solar radiation pressure and gravitational waves perturbations cause second order effects on all the elements of the elliptic orbit (the eccentricity, inclination, ascending node, argument of perigee, and semi-major axis) consequently these perturbations will cause disturbance in the sun-synchronism. Also we found that the perturbation or the behavior of gravitational waves almost the same as the perturbation or the behavior of solar radiation pressure and their coupling will incorporate the sun-synchronism through the secular rate of the ascending node precession.
Introduction
It is well known that the sun-synchronous orbits are useful for remote sensing mission, because the illumination of the sub satellite point (the point where a straight line drawn from a satellite to the center of the Earth intersects the Earth's surface) is nearly constant on each successive pass. Also sun-synchronous orbits must be retrograde (i.e. inclination greater than 90˚). If the sun-synchronous orbit is high enough and the sub satellite point is initiated outside the Earth's shadow, then the illumination of the sub satellite point will be remain conti-nuously throughout the year. Since a sun-synchronous orbits follows the Sun, so the solar pressure perturbations cannot be neglected, if the orbit is un-shadowed, long period occur in all the orbital elements except semi-major axis [1] [2] . It is well known that Earth oblateness causes the orbital angular momentum vector of earth satellite to process about the Earth's polar axis. For certain value of semi-major axis and eccentricity orbit plane precession caused by oblateness is synchronous with the mean orbital motion of the apparent Sun (a sun-synchronism). Gravitational perturbations arising from a spherical Earth, Moon, and Sun cause long period fluctuations in the mean argument of perigee, eccentricity, inclination, and ascending node [3] . Relativistic effects with SRP incorporate the sun-synchronism [4] . The short and long period's perturbations due to the effect of GW on the orbital elements of Jupiter are studies by [5] . Semi-analytical theory of the mean orbital motion due to the effect of gravitational waves is investigated by [6] . Many authors discussed the effect of solar radiation pressure and the effects of gravitational waves separately but the purpose of the current contribution is to investigate the coupling effects of solar radiation pressure and gravitational waves on sun-synchronism of elliptic orbits, using the perturbation technique based on the canonical Lie-transformation. Two canonical transformations obtained to eliminate the short-period and long-period terms. The solution is obtained up to order three and two in secular and periodic terms respectively assuming the effect of direct solar radiation pressure and the gravitational waves of the same order of magnitude and equal to the order of 2 2 J (the second order zonal harmonic of the geo potential i.e. 10 −6 ).
The Formulation
The Hamiltonian which describes the moving Earth's satellite under the influence of SRP and the GW can be expressed as 
where l c is the speed of light and N U the Earth's gravitational potential is developed in series up the fourth harmonic as [8] ( ) The Hamiltonian of the solar radiation pressure s H in terms of Delaunay elements is given by [9] { }
where ( ( n is the solar mean motion of order unity rather than
is the conjugate of 4s L which will be found from 
where
n is the frequency of the wave. According to Equations (5), (6), and (7) we can write the Hamiltonian H in (1)
where є is the small parameter of the expansion which represents the second zonal harmonic 2 J of the Earth's potential, and 
For different orders of 2 J , the coefficients A's are
The second-order term in the Hamiltonian H which is given in Equation (10) is consisting of the non-relativistic terms 
The Algorithm of Solution
Let the considered system of differential equations in terms of canonical ele- 
where i L and i l are the set of the Delaunay variable in Equation (4) . H is the Hamiltonian in equations from (9) to (16).We use Lie transform to solve our problem [10] [11]. This method is one of the canonical perturbation methods proposed to build successive canonical transformation for Hamiltonian systems depending on a small parameter based on the consideration of Lie series and Lie transform. The system of Equation (17) will be solved up to order three in secular terms by performing two successive canonical transformation
,
′′ ′′ analytic in є at є 0 = to eliminate the short and long period terms, respectively from the Hamiltonian, where the primes indicate the transformed variables. The transformed Hamiltonians are in the form
With generators W and
The algorithm for eliminating the short-period terms (i.e. those depending on 
the prime indicate the transformed terms. For the inverse transformations
Similarly for the elements of the long period. The secular terms will obtained from the substitution of the new transformed Hamiltonian * H and
Equations (18) and (19) into the Equation (17). These algorithms are actually very simple, but calculating them by hand is laborious, therefore, all computations were carried out by computer program, using the algebraic manipulation language MATHMATICA V10.
Third Order Solution
We employ the previous algorithms to obtain analytical expressions for the short-period and long-period terms of the orbital elements; the solution is expressed in terms of the Delaunay variables. We obtain the following results. 
The Short-Period Terms
Zero order:
First order: 
where E is the eccentric anomaly and the (b) coefficients are coefficients depend on the eccentricity, c and s (i.e. the inclination) and these coefficients is 
This order represents the joint effects of the relativistic effect and the solar radiation pressure and GW effects, 
The Long-Period Terms
We now proceed to performing a second canonical transformation to eliminate 4 4 , , , w g h l l ′ ′ ′ ′ (the argument of perigee, the longitude of node and the augmentation variable of the mean motion of the Sun n and the frequency of the gravitational waves w n ) from the Hamiltonian. This transformation contains the long-periodic perturbations, whereas the secular terms will be derived from the canonical equations of motion and the final Hamiltonian ** H . For the simplicity of writing we dropped the primes.
The corresponding generators coming from the Newtonian effect, the relativistic effect, the solar radiation pressure effect and gravitational waves effect are respectively The relativistic generator, the solar radiation pressure generator and the generator of the joint effect of the relativity with the solar radiation pressure and the joint effect of the solar radiation pressure with GW will be respectively ( ) and its coupling with gravitational waves effects. We found that these effects cause second order long-period perturbations in all the elements of the sunsynchronous orbit except the semi-major axis, and short-period perturbations from the second order in all the elements of the orbit (the eccentricity, inclination, ascending node, argument of perigee, and semi-major). The secular perturbations will be in the ,ω Ω . Consequently these perturbations will cause disturbance in the sun-synchronism. Also we found that the perturbation or the behavior of gravitational waves almost the same as the perturbation or the behavior of solar radiation pressure and their coupling will incorporate the sun-synchronism through the secular rate of the ascending node precession. The above perturbation properties provide the good and interesting results for studying gravitational waves through its coupling effects with solar radiation pressure and also for the precise determination of satellite orbit.
